Recently a field-theoretic calculation predicted a new kind of universal three-body bound states for three identical fermions with p-wave resonant interactions in two dimensions [Phys. Rev. Lett. 110, 235301 (2013)]. These states were called "super-Efimov" states due to their binding energies En = E * exp(−2e πn/s 0 +θ ) obeying a dramatic double exponential scaling. The scaling s0 = 4/3 was found to be universal while E * and θ are the three-body parameters. Here we use the hyperspherical formalism and show that the super-Efimov states originate from an emergent effective potential −1/4ρ 2 − (s 2 0 + 1/4)/ρ 2 ln 2 (ρ) at large hyperradius ρ. Moreover, for pairwise interparticle potentials with van der Waals tails, our numerical calculation indicates that the three-body parameters E * and θ are also universal and the ground super-Efimov state shall cross the threshold when the 2D p-wave scattering area is about −42.0 l 2 vdW with l vdW the van der Waals length.
A landmark result of few-body physics is the Efimov bound states predicted theoretically in 1970 for threebody systems with s-wave resonant interactions in three dimensions [1] . The binding energy of the nth Efimov state scales as E n ∼Ẽ * e −2πn/s0 withs 0 a universal number andẼ * the three-body parameter [1] [2] [3] . This peculiar scaling is given rise to by an emergent effective potential of the form −(s 2 0 + 1/4)/ρ 2 in the hyperspherical formalism of the three-body problem at large hyperradius ρ. Only recently, extreme experimental controllability and versatility of ultra-cold atomic gases [4] [5] [6] provides a unique opportunity to detect evidences of the Efimov states for the very first time in atomic systems. Experimentalists succeeded in realizing s-wave resonant interactions in ultra-cold atomic gases by the technique of Feshbach resonance [7] , and revealed the Efimov physics through measuring atom loss rate due to threebody recombinations [8] [9] [10] [11] [12] [13] [14] , atom-dimer inelastic collisions [15, 16] and radio-frequency spectroscopy [17, 18] . Further studies showed that even the three-body parameterẼ * which dertermines the absolute energy levels of the Efimov states has a universal feature for different atomic species [10, [19] [20] [21] [22] [23] [24] [25] .
The quest for universal physics at resonances beyond the paradigm of the Efimov states brought about a recent quantum field theory calculation predicting that universal bound states exist for three identical fermions with pwave resonant interactions in two dimensions [26] . These new states have angular momentum ℓ = ±1 and are called "super-Efimov" due to the fascinating scaling of their binding energies E n = E * exp(−2e nπ/s0+θ ) with s 0 = 4/3 a universal number, and E * and θ the threebody parameters. While the prediction of the superEfimov states agrees with a recently proved theorem [27] , understanding the origin of such universal states requests further investigation.
In this work, we use the hyperspherical formalism to study three identical fermions with p-wave resonant interactions in two dimensions. In the angular momentum ℓ = ±1 channel, we show that the super-Efimov states are due to an emergent effective potential U eff ∼ −1/4ρ 2 − (s 2 0 + 1/4)/ρ 2 ln 2 (ρ) in the large hyperradius ρ limit. We extract s 0 from U eff calculated numerically at the first three p-wave resonances of three different kinds of model potentials; the extracted values of s 0 agree well with 4/3 as predicted by the field theory [26] . For pairwise interparticle potentials with a van der Waals tail, the numerically obtained binding energies of the lowest two super-Efimov states indicate that the three-body parameters E * and θ are also universal; the ground superEfimov state is predicted to emerge at the threshold when the 2D scattering area is about −42.0 l 2 vdW with l vdW the van de Waals length.
Hyperspherical formalism.-We consider three identical fermions with coordinates r 1 , r 2 and r 3 interacting pairwisely through a central potential V (r) of finite range r 0 in two dimensions. The potential is fine tuned such that it is at a p-wave resonance. We introduce the Jacobi coordinates x i = r j − r k and y i = 2[r i − (r j + r k )/2]/ √ 3, where {i, j, k} takes the values of {1, 2, 3} cyclically. The hyperspherical radius is given by ρ = x 2 i + y 2 i , and the corresponding hyperspherical angles Ω i = {α i , θ xi , θ yi } with α i = tan −1 (x i /y i ). After separating out the center of mass part, we expand the wave-function of the system in terms of any set of hyperangles Ω i as
The angular part Φ µ (ρ, Ω i ) is required to satisfy the eigenequation
with m the mass of each fermion. Here, the total angular momentum operator is given by [28] 
Hereafter, we use units such that = 1 and m = 1 unless stated otherwise. Consequently, the hyperradial part satisfies the coupled equations of eigen-energy E as
with
ρ |Φ ν , with . . . standing for the integration over the hyperangles, are expected to be negligible for µ = ν in the large ρ limit [28] ; as Eq. (4) becomes decoupled, the three-body problem is reduced to a one dimensional equation, and the eigenstates with E → 0 − shall be governed by the effective potential U eff = −1/4ρ 2 + U 0 − Q 00 of the shallowest attractive channel µ = 0 at large hyperradius [29] .
We focus on the states with total angular momentum |ℓ| = |ℓ xi + ℓ yi | = 1 for which the super-Efimov states were predicted [26] . We solve the Faddeev equations derived from Eq. (2) in the regime r 0 /ρ ≪ 1 [28] , and find for the shallowest attractive channel
where the dimensionless parameter Y is given by
with u 0 the zero energy p-wave two-body wave-function satisfying [−∂ 2 r − (1/r)∂ r + 1/r 2 + mV (r)]u 0 (r) = 0. An alternative expression is [30, 31] 
which shows Y positive definite. Note that a similar logrithmic structure also appears in the scattering Tmatrix in two dimensions [32] . Effective potential.-In the regime r 0 /ρ ≪ 1, if Q 00 can be neglected, U eff + 1/4ρ 2 ∼ −Y /ρ 2 ln(ρ/r 0 ) would give rise to shallow bound states whose energies E n scale as ln |E n | ∼ −(nπ) 2 /2Y . Surprisingly Ref. [30] argued that Q 00 ∼ −Y /ρ 2 ln(ρ/r 0 ); the leading orders of U 0 and Q 00 shall cancel. This cancellation would result in U eff + 1/4ρ 2 = U 0 − Q 00 ∼ 1/ρ 2 ln 2 (ρ/r 0 ) in which case superEfimov states become possible.
The involved hyperangle integral of Q 00 seems to preclude evaluating it analytically to order 1/ρ 2 ln 2 (ρ/r 0 ).
Hence we obtain U eff by calculating U 0 and Q 00 numerically with three kinds of model potentials: the Leonard-Jones potential (LJ) V LJ (r) = −V 0 (r 0 /r) 6 − η 6 (r 0 /r) 12 , the Gaussian potential (GS) V GS (r) = −V 0 exp −(r/r 0 ) 2 , and the Pöschl-Teller potential (PT) V PT (r) = −V 0 sech 2 (r/r 0 ). The model potentials are all tuned at a p-wave resonance. We solve Eq. (2) numerically by using the modified Smith-Whitten coordinates, which have been successfully applied to three-body systems in both three dimensions [33] [34] [35] [36] [37] and two dimensions [38, 39] . The details of constructing the Smith-Whitten coordinates and the corresponding hypersphreical representation can be found in Refs. [38] and [40] . (6) show good agreement within ∼ 6%, the difference between which nevertheless quantifies the overall error of our numerical data and the fitting scheme.
Our calculation indicates that when ρ/r 0 is large, the three-body system is subject to an emergent effective potential
Given such a potential, one can use the WKB approximation (or other methods) to show that the binding energies of shallow bound states have the super-Efimov form E n = E * exp(−2e πn/s0+θ ). Our numerical results of s 0 agrees well with the universal scaling factor 4/3 predicted by Ref. [26] . Thus we show that the universal super-Efimov states originate from the universal effective potential Eq. (8).
Three-body parameters.-In the case of Efimov states, the three-body parameterẼ * is originally believed to be not universal and to be determined by short-range interaction details [2] . Surprisingly recent experiments of ultracold atomic gases foundẼ * rather universal (in van der Waals units) [20] . Subsequent theoretical calculations [21, [23] [24] [25] inspired by this new discovery soon confirmed that when the long range tail of the twobody interaction is dominated by the van der Waals form V (r) → −C 6 /r 6 ,Ẽ * is universally determined by the van der Waals length l vdW ≡ (mC 6 ) 1/4 /2 or equivalently the van der Waals energy E vdW ≡ −1/ml 2 vdW . It is natural to ask the question: whether the three-body parameters for super-Efimov states E * and θ are also universal, if the two-body interaction has the long-range tail −C 6 /r 6 ? We use two-body model potentials V n k (r) = −C 6 /r 6 1 − (β n /r) k to study the three-body parameters numerically. The short-range parameter β n is tuned such that there are n p-wave two-body bound states including the shallowest one at threshold. These two-body model potentials have the same long-range van der Waals tail, but very different short-range interactions determined by β n and k. The first evidence of universality is the effective potential U eff at short range as shown in Fig. (2) , where a universal repulsive core rises up at about ρ ≈ 2.2l vdW ; it seems that the short range details of these different two-body model potentials have little effect on those of the three-body effective potential U eff .
Applying the numerical treatment similar to Ref. [37] , we obtain the three-body super-Efimov ground state energies E g for different V n k (r) which are shown to be quite universal in Fig. (3) . Interestingly, the values of E g ≈ −0.05E vdW is close to the universal Efimov ground state energies [21] . In addition, we extrapolate U eff to very large distances and calculate the energies E ad g and E ad 1 of both the ground and the first excited super-Efimov states for V 1 k (r) within the adiabatic hyperspherical approximation (neglecting P 0ν and Q 0ν for ν = 0). Table ( −14 E vdW ), implying that a full calculation will be extremely challenging. Nevertheless, from E ad g and E ad 1 , the three-body parameters θ and ξ [≡ ln(−E * /E vdW )] are shown in the inset of Fig. (3) to be very universal, if we express the super-Efimov energies as E/E vdW = exp [−2 exp (4nπ/3 + θ) + ξ]. We attribute the universality of θ and ξ to the same mechanism as in Efimov states that the three-body wave functions of super-Efimov states have so small amplitude at small ρ ( l vdW ) that other than the van de Waals tail of V (r), short distance details of interactions have negligible effect [21] . Threshold crossing.-In ultra-cold atomic gases, the three-body recombination resonances observed experimentally in the vicinity of Feshbach resonances occur where Efimov state energies cross the three-body continuum threshold, and serve as first evidences of Efimov physics [8] [9] [10] [11] [12] [13] [14] 19] . Here we tune the depth of the LenardJones two-body model potential around the nth p-wave resonance, and calculate the ground super-Efimov state energy E g as a function of 2D p-wave scattering area A.
[For small scattering wave vector q, the 2D p-wave scattering phase shift δ(q) is given by cot δ(q) = −1/Aq 2 .] Figure (4) shows that when A is tuned to large and negative values, E g becomes shallower and eventually hit the three-body continuum. Extrapolating E g to the threshold, we find that the crossing point A to apronximately −42.0 l 2 vdW is reminiscent of the Efimov physics in which the three-body parameters becomes more universal for two-body potentials that can support more bound states [21] . Recent successful realization of "quasi" 2D Fermi gases [42] [43] [44] opens up the prospect of experimental study of the super-Efimov physics in atomic gases. It will be worth examining how the super-Efimov physics would be affected by the strong confinement applied to produce the "quasi" 2D gases in future investigations.
